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Abstract 
Practically important problem is to determine the density and direction of 2G HTS induced currents at each point on the tape in 
order to examine its local deviations. This problem is resolved indirectly by spatial measurement of generated magnetic field with 
a scanning Hall sensor at a given height above the tape surface. Current density is subsequently determined by the Biot-Savart 
law inversion in Fourier domain. Tikhonov regularization is used in order to increase precision. Method is verified with the 
model current density reconstruction. Optimal calculation parameters and resulting precision are described. 
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1. Introduction 
Superconducting tapes have a capability to conserve a magnetic flux in the superconducting state. It means that if 
you put a superconducting tape into a strong magnetic field at room temperature and cool the tape down to the 
superconducting state, consequently turning off the field, the tape will generate the same magnetic field by induced 
circulating currents. Practically important problem is to determine the density and direction of these induced 
circulating currents at each point on the tape in order to examine its local deviations. 
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There are several methods for solving this problem. The simplest idea is to determine local current density 
directly with transport measurements. Unfortunately, such direct measurements always lead to specimen destruction 
(or at least modification) and provide only discrete current density information at the probe location Ref. Cai et al. 
(1998). 
Indirect methods often involve spatial measurement of generated magnetic field and meet the requirements of 
eliminating the interaction with specimen and obtaining continuous current density information over areas of any 
size. Vertical component of the tape magnetic field versus coordinate (x, y) on the tape can be measured using 
magneto-optical imaging or with a scanning Hall sensor at a given height above the superconducting tape surface 
Ref. Granados et al. (2003). 
Current density is subsequently determined by the Biot-Savart law inversion. It is so-called ill-posed task, which 
means that it does not have a single solution. There are a lot of approaches to find out a unique solution close to 
original local current density distribution, but usually they have serious shortcomings. Conjugate gradients method 
provides high accuracy but requires a lot of computation, which are often performed on computational clusters Ref. 
Lukjanenko and Yagola (2010). The Fourier transform method is relatively fast, but it has decreased precision Ref. 
Tihkonov and Arsenin (1977).  
In this paper the Fourier transform method is improved with Tikhonov regularization in order to increase 
precision without sufficient increase in computational time. 
2. Magnetic inverse problem 
2.1. Magnetic field 
The magnetic field generated by the current is described by the Biot-Savart law. For current circuit it can be 
written as follows: 
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Since we do not deal with currents flowing along a thin wire, but with currents distributed over the volume of the 
superconducting tape, it will be convenient to use current density instead of current. We are interested in the vertical 
component of the magnetic field only. As the tape thickness is much smaller than its length and width, the current 
density can be considered only in the plane of the tape. Thus, dz = z (tape thickness), and z0 - z = h (height of the 
detector above the tape surface). According to these assumptions, vertical component of the magnetic field should 
be written as: 
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2.2. Magnetization 
It is not convenient to solve the equation with the vector variable, so it would be better to look for a scalar 
function. It is more convenient to use magnetization. Magnetization g is defined as: 
 rot     grad g gz zej e    (3) 
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If we simply substitute the current density derived from the expression (3) to the expression for the vertical 
component of the magnetic field (2), then it will contain derivatives of magnetization in different directions. To 
avoid this, the authors used the formula of integration by parts. As a result, the vertical component of the magnetic 
field can be written as: 
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2.3. Fredholm equation 
We can divide both upper and lower parts of equation (4) by tape thickness z. Then we will handle not three-
dimensional, but two-dimensional current density. So, we have reduced our problem to the classical form of the 
Fredholm integral equation of the first kind. It is written as: 
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Where the kernel K is defined as 
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Thus, the solution of the problem can be obtained by minimizing the functional, which is the norm of the 
difference of right and left sides of the equation: 
2
0 0 0 0 0 2||   , ,  , ||  z
S
С g dx dy K x x y y g x y B x y   (7) 
2.4. Tikhonov regularization 
Unfortunately, there are a lot of solutions g minimizing the functional (7), which may be non-physical (non-
smooth functions, functions with large amplitude vibrations, etc., and thus not representing the actual magnetization 
of the tape). Therefore, this problem belongs to the class of so-called ill-posed problems. To solve this problem one 
should introduce additional conditions on the smoothness of the function that we seek. Instead the above functional 
C0 we consider the following functional C: 
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which differs from the functional (7) by additional constraint: 
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The introduction of such a term is called Tikhonov regularization. In fact, this addition constraints the second 
derivative of the solution along with the conditions defined by the equation. The coefficient λ is called the 
regularization parameter. It regulates the relationship between the importance of restrictions on the second 
derivative and the importance of the conditions set by the equation. So, the smaller regularization parameter we take, 
the more accurate (but may be unphysical) solution of the problem we have, and the greater regularization parameter 
we take, the smoother solution function we obtain (but it may no longer satisfy the problem with high accuracy). 
Therefore, in order to find the best solution it is necessary to minimize the functional C with different regularization 
parameters, and then find out which of these solutions g(λ) minimizes the initial functional C0 (which has no 
regularization). In other words, we need to understand, which value of λ is corresponds to the closest solution. 
2.5. Fourier transform 
So the question is how we should solve the problem of minimizing the functional C. The idea is to solve the 
problem in the Fourier space. According to Parseval equality, the Fourier transform does not change the L2 norm of 
the function (the one that we use). Therefore, we calculate the Fourier transform separately for the first and second 
term of (8). Using the property that the Fourier transform of the convolution of functions is equal to the product of 
the Fourier transforms of the functions, we obtain the expression for the first term: 
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To obtain a new expression for the norm of the second term we use the formula of the Fourier transform of the 
derivative (multiplication by (iω)n): 
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2π factor arises from the Fourier transform along the axis on which the derivative is not taken (separately for x and y 
axes). The second order of this factor arises due to the second order of derivative.  
The next step is substitution of the obtained parts of the Fourier transforms (10) and (11) to the functional of 
interest C. We should recall that the norm in L2 - is just an integral of square of the function over the entire domain. 
Since both functions are integrated on the same area (on tape), one can put both terms under a single integral: 
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In order to find the minimum of the functional (12), it is necessary to differentiate the integral over the parameter 
g (magnetization). Since the boundary of the domain of integration does not depend on the parameter 
(magnetization), the formula for the derivative of the integral parameter is as follows: 
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Thus, the derivative of the entire functional (12) should be written as: 
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Equality can be achieved by the integrand to zero. Now you can simply divide the right side by the left. That is 
why we calculated the Fourier transform, which turned into a product of convolution of functions: 
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Magnetization is easy to obtain the inverse Fourier transform. Now we need to calculate the magnetization g in 
the range of the regularization parameter λ. It is necessary to find the value of λ, which minimizes the functional C0 
(without regularization additives). The corresponding value of g is the required magnetization. In order to calculate 
the components of the current density, it is necessary to calculate the gradient of the magnetization definition. 
3. Verification 
To test the algorithm we had to manually set the model current density distribution. It was supposed to satisfy 
two conditions: the current must be closed (the law of conservation of charge) and the current density should not 
change abruptly. In particular, these conditions are satisfied with the Gaussian current density dependence on the 
radius. Its components along the axes can be written as follows (see Fig. 1): 
2 2
22
0 2 2
;
x y
x
xj j e
x y
2 2
22
0 2 2
x y
y
yj j e
x y
  (16) 
  
Fig.. 1. (a) model current density; (b) its x-component; (c) its y-component. 
 
Thus, we have a model object with the characteristic size D = 2σ. In order to verify the algorithm we calculated 
magnetic field of the model current density using Biot-Savart law. The current density was consequently 
reconstructed by the described algorithm. Then we calculated cross correlation of the initial and reconstructed 
current density. It was used for algorithm efficiency estimation. The dependence of this correlation on the 
parameters of the magnetic field sensor height above the sample, scanning steps along the x and y and the size of the 
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scan area was investigated. It was shown that 95% correlation of given and reconstructed current density distribution 
requires the following conditions to be met: 
 Step of scanning to the characteristic size ratio should not exceed ¼ (see Fig. 2a). 
 The size of the scan area should not be smaller than the size of HTS tape (see Fig. 2b). 
 The error in determining the height should not exceed 50% (see Fig. 3a). 
 Scanning step ratio does not affect correlation unless steps exceed ¼ of characteristic size (plato in 
Fig. 3b). 
 
 
Fig.. 2. (a) step of scanning to characteristic size ratio; (b) size of scan area to object size ratio. 
 
Fig.. 3. (a) the error in determining the height (%); (b) scanning steps ratio. 
Optimal parameters of the method were tested on data of SuNAM 2G HTS tape. The results are presented on 
Fig. 4. 
 
Fig.. 4. (a) z-component of magnetic field; (b) magnetization; (c) x-component of current density; (d) y-component of current density. 
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4. Conclusion 
The inverse problem of reconstructing density distributions of currents in 2G HTS was successfully solved. The 
solution is implemented in the computer algebra environment Matlab. The method was verified by simulation. The 
optimal method parameters were found out. 
The method is ready for use in experimental work. 
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